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Abstract
Novel modeling approach for viscoelastic hydraulic cylinders with negligible inertial forces is proposed based on the
extended fractional-order Jeffreys model. Analysis and physical reasoning for the parameter constraints and order of the
fractional derivatives are provided. The comparison between the measured and computed frequency response functions
and time domain transient response argue in favor of the proposed four-parameters fractional-order model.
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1. Introduction
In viscoelasticity, the fractional-order models estab-
lished, since long, as more accurate and flexible, while be-
ing with lower dimension of the parameters space, than
their integer-order counterparts. Analysis of various prop-
erties of the viscoelastic behavior such as creep, relaxation,
viscosity, and initial conditions can be found e.g. in [1, 2].
It is also worth to recall that one of the widespread formu-
lations of the differential-order operator, namely Caputo,
has been elaborated in context of a viscoelastic stress-
strain relation and memory mechanism associated with the
initial conditions, see e.g. [3] for details.
Not only viscoelastic solids have benefited from the
fractional-order modeling. Also soft biological tissues have
been experimentally studied and identified by means of
fractional calculus in viscoelasticity [4]; more recent re-
view of the fractional calculus in modeling biological phe-
nomena can be found in [5]. Other examples of complex
impact and retardation dynamics, approached with help of
the fractional-order modeling, can be found when analyz-
ing e.g. backlash [6] or piezoelectric creep [7]. Fractional-
order modeling has been shown as efficient and also identi-
fied with experiments when describing transient behavior
of super-capacitors [8]. Besides the above mentioned ex-
amples, significant efforts in the fractional-order calculus
of dynamic systems should be credited to the fractional-
order controllers, though not directly related to the recent
study. For overviews on the tuning of fractional-order con-
trollers for industry applications and fractional PID con-
trollers we exemplary refer to [9] and [10] respectively.
In this brief, we make use of the fractional-order vis-
coelastic behavior to describe the principal dynamics of
the standard dashpot-type hydraulic cylinders by a low-
parameters and -order model, with yet accurate prediction
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of the frequency response characteristics. The proposed
solution is approaching the Jeffreys [11] viscoelastic model,
though extending it by an additional stiffness, general-
izing to the fractional derivatives, and setting physically
reasonable constraints on the parameters and differential-
order. While providing all necessary preliminaries of the
fractional-order calculus (see Section 2), for the basics on
applied hydraulics we refer to [12]. Then the main contri-
bution of the paper is in Section 3, and the experimental
evaluation and discussion are provided in Section 4.
2. Fractional differentiation
In approach to the seminal literature on the fractional-
order calculus e.g. [13, 14, 15], we will use a fractional
α-order operator on the a and t limits, defined by
aD
α
t =


dα
dtα
for α > 0,
1 for α = 0,
t∫
a
dt−α for α < 0.
(1)
For the sake of practical relevance we confine ourself to
the real fractional orders, i.e. α ∈ R, often denoted as
a non-integer differentiation, correspondingly integration.
For the same reasoning of the practical (engineering) ap-
plications we will consider zero initial time i.e. a = 0.
The classical definition of Riemann-Liouville α-
derivative of a continuous function f(t), with n−1 ≤ α < n
where n is an integer, is given by
0D
α
t f(t) =
1
Γ(n− α)
dn
dtn
t∫
0
f(τ)
(t− τ)α−n+1
dτ. (2)
Here Γ(·) is the Gamma function. We should notice that
solving differential equations in terms of the Riemann-
Liouville derivatives (2) requires the initial conditions[
0
Dα−kt f(t)
]
t→0
= ck for k = 1, 2, . . . , n (3)
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to be known, correspondingly determined. That is one
needs the initial values of the (α − k)-fractional deriva-
tives of the function f(t). This is particularly visible when
considering the Laplace transform F (s) = L
{
f(t)
}
of the
Riemann-Liouville fractional derivative, cf. [15], given by
L
{
0
Dαt f(t)
}
= sαF (s)−
n−1∑
k=0
sk
[
0
Dα−k−1t f(t)
]
t=0
. (4)
The Gru¨nwald-Letnikov definition, cf. [15],
0D
α
t f(t) = lim
h→0
h−α
[th−1]∑
i=0
(−1)i
(
α
i
)
f(t− ih) (5)
of the fractional-order derivative is valid for any α ∈ R
and is particularly suitable for numerical implementations,
since it constitutes the limit of the difference quotient
∆αhf(t) ≈ 0D
α
t f(t), (6)
with the time step h → 0. In (5), the operator [x] means
the integer part of x, while i is the index of the discrete
time series of t. The binomial coefficients, which are sign
alternating and summarized as
w
(α)
i = (−1)
i
(
α
i
)
for i = 0, 1, 2, . . . , (7)
can be evaluated recursively, cf. [15], by
w
(α)
0 = 1; w
(α)
i =
(
1−
α+ 1
i
)
w
(α)
i−1 for i = 1, 2, 3, . . . .
(8)
Further we will also make use of the fact that for zero
initial conditions the Laplace transform is given by
L0
{
0
Dαt f(t)
}
= sαF (s), (9)
and will write the Fourier transform as
F
{
0
Dαt f(t)
}
= (jω)αF (ω). (10)
Note that for F the magnitude and phase responses are
conventionally given as in the case of α ∈ Z.
3. Modeling
Our starting point is the standard dashpot element, used
in viscoelasticity for modeling and analysis and represent-
ing an ideal linear viscous fluid. A constantly applied
stress σ produces a constant strain rate so that
σ = µ
d
dt
ε, (11)
where µ is the coefficient of viscosity of a Newtonian fluid.
Note that a linear dashpot, as basic mechanical element,
is approaching a simple piston-cylinder, with one degree of
freedom x, for which the stress equivalent to the hydraulic
pressure is substituted by the applied force τ . Correspond-
ingly, the strain rate is equivalent to the rate of displace-
ment, so that in the Laplace domain one obtains
x = µ−1s−1τ. (12)
Obviously (12) constitutes a free integrator dynamics, this
way yielding a simple first-order lumped model of the vis-
cous driven motion when inertial effects are neglected.
Note that the latter is justified for multiple hydraulic cylin-
ders, deployed as the actuators, in which the viscoelastic
forces largely dominate over the inertial.
Next we elaborate whether the hydraulic cylinder force,
induced by the pressure difference, undergoes self the dy-
namic transients to be captured by a viscoelastic behavior.
The stress-strain relation of the standard linear solid, also
denoted as Zener, model is give by
E
[ 1
φ
d
dt
+ 1
]
ε(t) =
[ 1
ϕ
d
dt
+ 1
]
σ(t), (13)
where E is a suitable elastic modulus. The positive con-
stants φ−1 > ϕ−1 refer to the retardation and relaxation
times, see e.g. [11]. It can be noted that φ = ϕ simplifies
(13) to a purely elastic material, i.e. σ = Eε, while (13) in-
cludes equally the Maxwell and Kelvin-Voigt models of the
viscoelastic fluid, correspondingly solid, as limiting cases
[3]. The otherwise unequal and non-zero time constants
of retardation and relaxation shape the frequency char-
acteristics of a standard linear solid within φ < ω < ϕ,
while keeping it at different constant levels for ω → 0
and ω → ∞ limits. Since the dynamic behavior (13) has
zero relative degree, its input-output transfer character-
istics can also be considered as entirely unitless. For ap-
proaching a viscoelastic fluid in the closed hydraulic circuit
(of cylinder) as a quasi-solid medium, the model (13) can
be used for describing its dynamic compressibility. Thus,
the applied stress σ appears in equivalence to the supplied
pressure difference, while the strain ε mimics a stiff kine-
matic excitation, and therefore force, acting on the piston
interface. In that equivalence, the elastic modulus appears
as the bulk modulus [12] of hydraulic medium. The retar-
dation time approaches the time constant of the effective
force response to a stepwise change of the differential pres-
sure. Similarly, the relaxation time relates to the time con-
stant of the pressure response to an instantaneous change
in the piston stroke and thus force on the piston interface.
3.1. Jeffreys model
The Jeffreys model [11] composes, essentially, the
Kelvin-Voigt and dashpot elements connected in series, see
structural arrangement in Figure 1. The overall strain (or
relative displacement) rate is a superposition of both
d
dt
ε =
d
dt
ε1 +
d
dt
ε2, (14)
while the stress (correspondingly force) in both elements
is the same, meaning
σ = Kε1 + µ1
d
dt
ε1 = µ2
d
dt
ε2. (15)
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Figure 1: Jeffreys viscoelastic model.
Combining (14) and (15) and eliminating ε1 and ε2 results
in the Jeffreys model of the form
µ2
[µ1
K
d2
dt2
+ 1
]
ε(t) =
[µ1 + µ2
K
d
dt
+ 1
]
σ(t). (16)
Here the relaxation and retardation times are given by
(µ1 + µ2)K
−1 and µ1K
−1 correspondingly. Note that,
similar as in case of the Zener model, an elimination (set
to zero) of µ1 or µ2 simplifies the Jeffreys model (16) to
the Maxwell or Kelvin-Voigt model respectively.
3.2. Fractional-order formulation
Allowing for the fractional-order derivatives and consid-
ering the differential pressure and relative displacement
input-output pair, the fractional-order Jeffreys model in
the Laplace domain is written as
µsγ
(
λ2s
α + 1
)
x(s) =
(
λ1s
β + 1
)
τ(s). (17)
Note that a similar modified Jeffreys model has been also
proposed, however for the viscoelastic fluids, in [16]. It
is evident that for the same time constants λ1 = λ2 and
fractional orders α = β the proposed model (17) reduces
to the simple viscous dashpot, cf. with (12). While the
general form (17) allows for all derivatives to be of the
fractional-order, we will require γ = 1 for not violating
causality and physical reasoning of the force-displacement
transfer characteristics. This is analyzed below in context
of the impulse response and its steady-state (final) value.
Unlike the original Jeffreys model cf. [11] and the modi-
fied one [16], the parameters inequality λ2 > λ1 is required
for (17). Note that this implies the lag characteristics
of the x(s)/τ(s) transfer function, which means a phase-
lowering region and amplitude drop within λ−11 < ω <
λ−12 . From the structural viewpoint, it requires an addi-
tional spring that leads to a serial connection of the Zener
model with the viscous dashpot (see above in Section 3).
While the dynamics order and relative degree remain, this
way, unchanged, the viscoelastic damping properties of the
Zener model (13) argue in favor of the lag characteristics of
(17). Indeed, the force propagation through the hydraulic
medium, from the differential pressure source to the effec-
tive piston force, is weakened for higher frequencies and
additionally lagged for a certain frequency range.
We recall that for the Zener model to be dissipative and,
therefore, physically reasonable for real materials (corre-
spondingly media), the thermodynamic constraints of the
parameters α = β should be additionally satisfied, as has
been formerly observed in multiple rheological studies and
also theoretically proved in [17].
The above physical constraints on the time-constants
and differential-orders lead us to the four-parameters lin-
ear fractional-order model (17) of the viscoelastic hy-
draulic cylinders with negligible inertial terms.
3.3. Initial value and impulse response
Next we need clarifying the initial conditions for frac-
tional differential equation (17). The initial condition for
the integer-order dashpot, which is the relative displace-
ment at t = 0, can be assumed zero without loss of general-
ity. The remaining fractional-order dynamics of the Zener
model requires the single initial condition 0D
α−1
t x(t), cf.
[1], provided the input differential pressure, correspond-
ingly actuation force, is a known exogenous value. It has
been shown in [1] that for a physically reasonable (i.e. con-
tinuous) loading, or even in the case of a step discontinuity,
zero initial conditions for the strain dynamics apply. Non-
zero initial conditions will only be valid in case of a stress
impulse B δ(t), then resulting in, cf. [1],
[
λ2 0D
α−1
t x(t)
]
t→0
= B. (18)
t (-)
0
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Figure 2: Impulse response for various order γ = {0.9, 1, 1.1}.
We have now to perform a closer look on the impulse re-
sponse of (17), and that in terms of the final value problem
from which the γ = 1 constraint is enlightened. Rewriting
(17) in the time domain and integrating both sides with
respect to dtγ results in
µλ2 0D
α
t x(t) + µx(t) = 0D
−γ
t
(
λ1 0D
β
t τ(t) + τ(t)
)
. (19)
Since α, β > 0 both differential terms vanish for t → ∞
and solving, this way, the final value problem yields
[
x(t)
]
t→∞
= µ−1
t∫
0
τ(t)dtγ . (20)
For the applied Dirac impulse δ(t) the integral solution
(20) can be directly evaluated, given (see e.g. [15])
0D
η
t δ(t) =
t−η−1
Γ(−η)
. (21)
It can be shown that for η < 0 the value of (21) remains
∀ t > 0 constant and equal to one for η = −1 only. Other-
wise it converges to zero for −1 < η < 0 and diverges for
3
η < −1. For the final value (20), it means that a constant
non-zero impulse response of the relative displacement can
only be achieved when γ = 1. Indeed the free integrator in
(17) requires a constant finite displacement as result of a
force impulse which has finite energy content. An illustra-
tive numerical example of the (17) model response to the
input impulse is shown in Figure 2 for γ = {0.9, 1, 1.1}.
4. Experimental evaluation and discussion
The experimental evaluation of the above model was
made with the data recorded from a standard linear-stroke
hydraulic cylinder in laboratory setting. More details on
the experimental setup can be found in [18]. The relative
displacement x(t) is directly measured by a linear encoder
while the differential pressure τ(t) is obtained from two
pressure sensors installed on each of the cylinder chambers.
4.1. Frequency response function
The measured frequency response function G(jω) =
x(jω)/τ(jω) is used for the least-squares fit of the
fractional-order model (17). Note that both, the ampli-
tude response in dB and phase response in deg have been
equally incorporated into the objective function. For the
sake of comparison, the least-squares best fit has been
found, from the same experimental data, also for the
integer-order model with the structure as in (17). The
measured and both ways modeled frequency response func-
tion are shown opposite to each other in Figure 3. The
fractional-order model coincides with the measurements
while the integer-order one misses the phase response.
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Figure 3: Measured and (17)-modeled frequency response function;
least-squares best fit for fraction- and integer-order derivatives.
4.2. Time series
Similar observation is when comparing the time series
of the identified fractional- and integer-order models with
the initial phase of the measured response to the slope-
shaped input τ(t). From Figure 4, one can see that only
the fractional-order model captures a lagged transient of
the relative displacement. Note that further progress (not
shown in the figure) diverge from each other in all cases,
due to an inherent integration error. Yet the fractional-
order model reproduces the initial transition of the vis-
coelastic response to a linearly increasing input force.
1 1.1 1.2 1.3 1.4
t (s)
0
0.01
0.02
x
 (m
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measurement
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Figure 4: Measured and (17)-modeled time response to slope input.
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